Quadratic Inequalities and Factorizations of Matrices (Research on structures of operators via methods in geometry and probability theory) by 安藤, 毅
Title
Quadratic Inequalities and Factorizations of Matrices (Research
on structures of operators via methods in geometry and
probability theory)
Author(s)安藤, 毅




Type Departmental Bulletin Paper
Textversionpublisher
Kyoto University
Quadratic Inequalities and Factorizations of Matrices
( ) (Tsuyoshi Ando)
Hokkaido University (Emeritus)
Email: ando@es.hokudai.ac.jp
1. Introduction $\mathbb{M}_{n}$ $n\cross n$ $\mathbb{M}$: positive
semi-definite cone $\mathbb{M}$ $\geq$ cone
$A\geq B$ $A,$ $B$ selfadjoint $A-B\in \mathbb{M}_{n}^{+}$
$A,$ $C\in \mathbb{M}_{n}^{+},$ $B\in \mathbb{M}_{m}$ 2 Schwarz
$\langle x|Ax\rangle\cdot\langle y|Cy\rangle\geq|\langle x|By\rangle|^{2} \forall x, y\in \mathbb{C}^{n}$ , (1)
$\langle x|Ax\rangle\cdot\langle x|Cx\rangle\geq|\langle x|Bx\rangle|^{2} \forall x\in \mathbb{C}^{n}$ . (2)
(1)
$\{\begin{array}{ll}\langle x|Ax\rangle \langle x|By\rangle\langle y|B^{*}x\rangle \langle y|Cy\rangle\end{array}\}\in \mathbb{M}_{2}^{+} \forall x, y\in \mathbb{C}^{n}$ (3)
$S:=\{\begin{array}{ll}A BB^{*} C\end{array}\}\geq 0, i.e., S\in \mathbb{M}_{2n}^{+}$ (4)
(2)
$\{\begin{array}{l}\langle x|Bx\rangle\langle x|Ax\rangle\langle x|B^{*}x\rangle\langle x|Cx\rangle\end{array}\}\in \mathbb{M}_{2}^{+} \forall x\in \mathbb{C}^{n}$ (5)
(5) (4) $A=C=I$ (4)
$\Vert B\Vert\leq 1$ (5) $w(B)\leq 1$ $w(B)$ $B$
(numerical radius)
(4) $B$ $A,$ $C$
$B=A$ $WC^{\frac{1}{2}}$ $\exists\Vert W\Vert\leq 1$
$B$ parametrization (5)
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2. Parametrization
Theorem 1.
(a) $B=B^{*}$ (5) $\Leftrightarrow B={\rm Re}(A^{\frac{1}{2}}WC^{\frac{1}{2}})$ $\exists\Vert W\Vert\leq 1.$
(b) $A=C$ (5) $\Leftrightarrow B=2D^{\frac{1}{2}}W(A-D)^{\frac{1}{2}}$ $\exists 0\leq D\leq A,$ $\Vert W\Vert\leq 1.$
(a) $S=\frac{1}{2}\{T+\varphi(T)\}$ $\exists T\geq 0$ , (b) $S=\frac{1}{2}\{T+\psi(T)\}$ $\exists T\geq 0$ ,
$\varphi(\{\begin{array}{ll}T_{1,1} T_{1,2}T_{2,1} T_{2,2}\end{array}\}):=\{\begin{array}{ll}T_{1,1} T_{2,1}T_{1,2} T_{2,2}\end{array}\} \psi(\{\begin{array}{ll}T_{1,1} T_{1,2}T_{2,1} T_{2,2}\end{array}\}):=\{\begin{array}{ll}T_{2,2} T_{1,2}T_{2,1} T_{1,1}\end{array}\})$ .
positive Fejer-Riesz
Fejer-Riesz Theorem ([2] ) $F(\cdot)$ $\mathbb{M}$
(a) $F(t)$ $t\in \mathbb{R}$ $F(t)\geq 0\forall t\in \mathbb{R}$ $\mathbb{M}_{n}$ $G(t)$
$F(t)=G(t)^{*}\cdot G(t) \forall t\in \mathbb{R}$
(b) $F(e^{it})$ $t\in \mathbb{R}$ trigonometric $F(e^{it})\geq 0\forall t\in \mathbb{R}$ $\mathbb{M}_{n}$
analytic trigonometric $G(e^{it})$
$F(e^{it})=G(e^{it})^{*}\cdot G(e^{it}) \forall t\in \mathbb{R}$
$G(e^{it})$ analytic $e^{ikt}(k=0,1, \ldots)$ 1
(a) $B=B^{*}$ (5) $\Leftrightarrow F(t)$ $:=A+2iB+t^{2}C\geq 0$ $\forall t\in \mathbb{R},$
(b) $A=C$ (5) $\Leftrightarrow F(e^{it})$ $:=2A+e^{it}B+e^{-it}B^{*}\geq 0$ $\forall t\in \mathbb{R}.$
(a) $G(t)=X_{1}+tX_{2}$ $S$ $T=\{\begin{array}{ll}X_{1}^{*}X_{1} X_{1}^{*}X_{2}X_{2}^{*}X_{1} X_{2}^{*}X_{2}\end{array}\}\geq 0$
$A=X_{1}^{*}X_{1}, C=X_{2}^{*}X_{2} 2B=X_{1}^{*}X_{2}+X_{2}^{*}X_{1}$
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3. Three cones 2 $x2$ Schwarz
$\mathbb{M}_{m}(\mathbb{M}_{n})$ $\mathbb{M}_{m}(\mathbb{M}_{n})$
$\mathbb{M}_{n}$ entry $m\cross m$ $\mathbb{M}_{mn}$
$\mathbb{M}_{mn}^{+}$ $\mathbb{M}_{m}(\mathbb{M}_{n})$ cone $\mathfrak{P}0$
$S\in \mathfrak{P}_{0}$ $S=[S_{j,k}]_{j,k=1}^{m}\geq 0$ (4)
$\mathbb{M}_{mn}$ $\mathbb{M}_{m}\otimes \mathbb{M}_{n}$
$A=[\alpha_{j,k}]_{j,k=1}^{m}\in \mathbb{M}_{m}, B\in \mathbb{M}_{n} \RightarrowA\otimes B:=[\alpha_{j,k}B]_{j,k=1}^{m}$
$A\in \mathbb{M}_{m}^{+}, B\in \mathbb{M}_{n}^{+} \Rightarrow A\otimes B\in \mathbb{M}_{mn}^{+}$




inner product $\mathfrak{P}0$ self-dual
$T\in \mathfrak{P}_{0} \Leftrightarrow \langle T|S\rangle\geq 0 \forall S\in \mathfrak{P}0$
$\mathfrak{P}+$ dual cone -
$T\in \mathfrak{P}- \Leftrightarrow^{def} \langle T|S\rangle\geq 0 \forall S\in \mathfrak{P}+$
$\mathfrak{P}_{+}\subset \mathfrak{P}_{0}\subset \mathfrak{P}_{-}$ $\mathfrak{P}+$ $\mathfrak{P}-$ dual cone
$S=[S_{j,k}]_{j,k=1}^{m}\in$ - $\Leftrightarrow$ $[\langle x|S_{j,k}x\rangle]_{j,k=1}^{m}\in \mathbb{M}_{m}^{+}$ $\forall x\in \mathbb{C}^{n}$ (6)
(5)
(3)( (4))




Hankel-type ( Hankel )
$j-k=j’-k’ \Rightarrow S_{j,k}=S_{j’,k’}$
Toeplitz-type ( Toeplitz ) Theorem
1 Hankel-type Toeplitz-type
$\Phi()$ Hilbert $\mathbb{M}_{m}(\mathbb{M}_{n})$ Hankel ortho-
projection, $\Psi()$ Toeplitz orthoprojection
Fejer-Riesz
$S\in \mathfrak{P}- \Rightarrow \mathbb{M}_{n}\ni \{\begin{array}{l}1\zeta\zeta^{2}\vdots\zeta^{m-1}\end{array}\}\cdot S\cdot[\zeta^{m-1}\zeta^{2}\zeta 1\ovalbox{\tt\small REJECT} \geq 0 \forall\zeta\in \mathbb{C}$
Hankel-type Toeplitz-type $\mathfrak{P}-$ $\mathfrak{P}_{0}$
Fejer-Riesz
Theorem 2. $s\in \mathfrak{P}-$
(a) $\Phi(S)=\Phi(T)$ $\exists T\in \mathfrak{P}0.$
(b) $\Psi(S)=\Psi(T)$ $\exists T\in \mathfrak{P}0.$
(a) (b) $T=[T_{j,k}]_{j}^{m_{k=1}}$ $T_{j,k}=X_{j}^{*}X_{k}$ $\exists X_{j}\in \mathbb{M}_{n}(i=1,2, \ldots, m)$
(a) $S\in \mathfrak{P}-$ , Hankel-type $\Rightarrow$ $S=\Phi(T)$ $\exists T\in \mathfrak{P}_{0}.$
(b) $S\in \mathfrak{P}-$ , Toeplitz-type $\Rightarrow$ $S=\Psi(T)$ $\exists T\in \mathfrak{P}_{0}.$
dual Hankel-type Toeplitz-type $\mathfrak{P}0$ $\mathfrak{P}+$
Truncated moment theorem
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Runcated moment theorem ([ $1|$ ) $0\leq S=[S_{j,k}|_{j,k=1}^{m}\in \mathbb{M}_{m}(\mathbb{M}_{n})$
(a) $S$ Hankel-type $\Rightarrow$ $\exists t_{t}\in \mathbb{R},$ $E_{l}\in \mathbb{M}_{n}^{+}(j=1,2, \ldots, N),$ $Q\in \mathbb{M}_{n}^{+}$
$S_{j,k}= \sum_{l=1}^{N}\dot{\theta}_{l}^{+k-2}E_{l} \forall(j+k<2m) , S_{m,m}=\sum_{l=1}^{N}t_{\iota}^{2m-2}E_{l}+Q.$
(b) $S$ Toeplitz-type $\Rightarrow$ $\exists t_{l}\in \mathbb{R},$ $E\iota\in \mathbb{M}_{n}^{+}(j=1,2, \ldots, N)$
$S_{j,k}= \sum_{l=1}^{N}e^{i(k-j)t}tE_{l}.$
$t_{l}$ , $E_{l}$ , $Q$
(a) $S\in \mathfrak{P}_{0}$ Hankel-type
$S=\sum_{l=1}^{N}([1, t_{l}, \ldots t_{\iota}^{m-1}]^{*}\cdot[1, t_{l}, \ldots,t_{\iota}^{m-1}])\otimes E_{l}+([0, \ldots, 0,1]^{*}\cdot[0, \ldots, 0,1])\otimes Q$
(b) $s\in \mathfrak{P}0$ Toeplitz-type
$S=\sum_{l=1}^{N}([1, e^{it_{l}}, . . . , e^{i(m-1)t_{l}}]^{*}\cdot[1, e^{it} te^{i(m-1)t_{[])\otimes\ovalbox{\tt\small REJECT}}}$
$[1, t_{l}, \ldots t_{l}^{m-1}]^{*}.$ $[1, t_{l}, \ldots, t_{\iota}^{m-1}],$ $[1, e^{it_{l}}, \ldots, e^{i(m-1)t_{\iota}}]^{*}.$ $[1, e^{it_{l}}, \ldots, e^{i(m-1)t_{l}}]\in \mathbb{M}_{m}^{+}$
$s\in \mathfrak{P}+$ :
Theorem 3. $S\in \mathbb{M}_{m}(\mathbb{M}_{n})$
(a) $\Phi(S)\in \mathfrak{P}_{0}$ $\Rightarrow$ $\Phi(S)\in \mathfrak{P}+\cdot$
(b) $\Psi(S)\in \mathfrak{P}_{0}$ $\Rightarrow$ $\Psi(S)\in \mathfrak{P}+\cdot$
$\mathfrak{P}+$ - $\mathfrak{P}_{0}$ dual cone Theorem 2(a)
Theorem $3(a)$ Theorem $2(b)$ Theorem $3(b)$
[1] T. Ando, Truncated moment problems, Acta Sci. Math. (Szeged), 31(1970), 319-334.
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